We discuss a neutrino mass matrix M ν originally found by Babu, Ma, and Valle (BMV) and show that this mass matrix can be characterized by a simple algebraic relation. From this relation it follows that atmospheric neutrino mixing is exactly maximal while at the same time an arbitrary mixing angle θ 13 of the lepton mixing matrix U is allowed and-in the usual phase convention-CP violation in mixing is maximal; moreover, neither the neutrino mass spectrum nor the solar mixing angle are restricted. We put forward a simple seesaw extension of the Standard Model where the family lepton numbers are softly broken by the Majorana mass terms of the right-handed neutrino singlets and the BMV mass matrix results from a non-standard CP
Introduction
The atmospheric neutrino problem, with mixing angle θ 23 , requires sin 2 2θ 23 > 0.92 at 90% CL, with a best fit value sin 2 2θ 23 = 1, i.e. maximal mixing [1] . There are many models and textures in the literature which attempt to explain large-not necessarily maximalatmospheric neutrino mixing-for reviews see Ref. [2] . But, the closer the experimental lower bound on sin 2 2θ 23 comes to 1, the more urgent it becomes to find a rationale for maximal atmospheric mixing. Unfortunately this is not an easy task. Maximal mixing means |U µ3 | = |U τ 3 |, where U is the lepton mixing matrix, and this in general requires a µ-τ interchange symmetry, which on the other hand must be broken since m µ = m τ . For a recent discussion of this point see Ref. [3] .
Two models for maximal atmospheric mixing have been suggested by us, one of them [4] based on lepton-number symmetries softly broken at the seesaw scale, the other one [5] based on a discrete symmetry spontaneously broken at the same scale. Both models yield an effective mass matrix for the light left-handed neutrinos at the seesaw scale
where x, y, z, and w are in general complex. The matrix
then has an eigenvector (0, 1, −1) T , and therefore the models predict U e3 = 0 besides |U µ3 | = |U τ 3 |; they will have to be discarded if |U e3 | is experimentally found to be non-zero. A different approach has been suggested by Babu, Ma, and Valle (BMV) [6] . Starting from a degenerate neutrino mass matrix at the seesaw scale, and using the renormalization group in the context of softly broken supersymmetry with a general slepton mass matrix, they have obtained at the weak scale
where r and s are in general complex while a and b remain real. BMV have found that, under some approximations, this M ν yields maximal atmospheric mixing and, furthermore, an imaginary U e3 ("maximal CP violation") in the standard phase convention (to be specified shortly). It is important to note that the mass matrix in Eq. (3) is not a generalization of the one in Eq. (1) . If r and s in Eq. (3) are real, then that mass matrix coincides with the one in Eq. (1) with x, y, z, and w real. On the other hand, (3) yields a non-zero U e3 as soon as r and s are complex, while (1) always yields U e3 = 0, even when x, y, z, and w are complex.
It is the purpose of this paper to, firstly, prove that the mass matrix of BMV always yields exact maximal atmospheric neutrino mixing and maximal CP violation. Secondly, we shall put forward a very simple model, based on softly broken lepton numbers and on a non-standard CP symmetry, which obtains the BMV mass matrix at the seesaw scalewithout the need for the renormalization group, for supersymmetry, or for an extended fermion spectrum like in the original BMV model. In this way we conclude that maximal atmospheric mixing is compatible with a non-zero U e3 and can be obtained in a simple extension of the Standard Model.
The mass matrix
Let M ν be a symmetric complex 3 × 3 matrix, the Majorana mass matrix of the light neutrinos, defined by
(C is the Dirac-Pauli charge conjugation matrix), in the basis where the charged-lepton mass matrix is diagonal. The lepton mixing matrix U is the diagonalizing matrix of M ν , defined by
where the masses m j are real and non-negative. Lemma: Suppose U and U ′ satisfy Eq. (5) and the masses are non-degenerate. Then there is a diagonal unitary matrix X such that U ′ = UX. Furthermore, X jj is an arbitrary phase factor if m j = 0, while X jj = ±1 for m j = 0. Proof: Since both U and U ′ fulfill Eq. (5),
This equation, together with the non-degeneracy of the masses, forces W to be diagonal, i.e. W * = X. It is moreover clear that W jj is real when m j is non-zero, Q.E.D.
The matrix M ν of Eq. (3) is characterized by
Let us write U = (u 1 , u 2 , u 3 ) with column vectors u j . Equation (5) means that
Starting from this equation and using Eq. (7) we see that
We thus have a second diagonalizing matrix U ′ = SU * . Using the lemma above we find
Consequently we have |U µj | = |U τ j | for j = 1, 2, 3 .
An alternative proof of Eq. (11) starts from the observation that the matrix H corresponding to the M ν of Eq. (3) has
As a consequence,
for any positive integer n. Using H = Um 2 U † , it follows from Eq. (13) for two distinct values of n that either there are degenerate neutrinos or Eq. (11) holds. A popular representation of U [7] is given by
with
The phases α j (j = 1, 2, 3) are unphysical (unobservable); δ is the Dirac phase and β 
Equation (11) applies to this product. From that equation with j = 3 one obtains
Now we inspect Eq. (11) with j = 1, 2. We know experimentally that c 12 s 12 = 0, since solar neutrinos oscillate [8] . It follows that
i.e. either U e3 = 0 or CP violation is maximal. We stress that the mass matrix of Eq. (3) restricts neither the neutrino mass spectrum nor the solar neutrino mixing angle θ 12 . In the general case cos δ = 0 also θ 13 remains free.
A model
We now want to produce a simple model that leads to the mass matrix of Eq. (3). In doing this we find inspiration in our model of maximal atmospheric neutrino mixing of Ref. [4] . Thus, we supplement the Standard electroweak Model with three right-handed neutrinos and two extra Higgs doublets. We denote the three lepton families e, µ, and τ by the general index α; thus, we have three left-handed lepton doublets
together with three right-handed charged-lepton singlets α R and three right-handed neutrino singlets ν αR . In the scalar sector we employ three Higgs doublets
These Higgs doublets acquire vacuum expectation values (VEVs) 0 ϕ 0 j 0 = v j √ 2,
and v = |v 1 | 2 + |v 2 | 2 + |v 3 | 2 ≃ 246 GeV represents the Fermi scale. We introduce the three U(1) lepton-number symmetries L α . These symmetries are meant to be broken only softly at the high seesaw scale. We also introduce a 2 symmetry under which µ R , τ R , φ 2 , and φ 3 change sign. This symmetry 2 is broken only spontaneously by the VEVs v 2 and v 3 . Because of the lepton-number symmetries and of the 2 symmetry, the Yukawa Lagrangian of the leptons is (see also Refs. [4, 5] )
where the three f α and the four g jα are complex numbers (m e is real without loss of generality and represents the electron mass). Notice that, through the first line of Eq. (23), the smallness of the neutrino masses may be correlated with the smallness of the electron mass. The 2 above is analogous to the auxiliary 2 of Refs. [4, 5] . The right-handed neutrinos have Majorana mass terms given by
where M R is a 3 × 3 symmetric matrix in flavor space. Now, M R is not diagonal since the terms in Eq. (24) have dimension three and we allow the lepton-number symmetries L α to be broken softly [4] . Indeed, M R is the sole source of lepton mixing in this framework.
According to the seesaw formula [9] , when the eigenvalues of M * R M R are all of order
where M D = diag (f e , f µ , f τ ). It has been shown in Ref. [10] that this framework, in which the tree-level Yukawa couplings are diagonal but M R is not, leads at the one-loop level to a renormalized theory with flavor-changing neutral Yukawa interactions, in which flavor-changing processes like µ ± → e ± γ or Z 0 → e ± µ ∓ are suppressed by inverse powers of m R while processes like µ ± → e ± e + e − are unsuppressed by any inverse powers of m Rthey are suppressed only by small Yukawa couplings-since they may be mediated by neutral scalar particles. We now want to enforce maximal atmospheric neutrino mixing through an M ν like in Eq. (3). We do this by imposing the following generalized CP transformation [11] :
This CP symmetry makes f e real and f µ = f * τ , while g 2µ = g * 2τ and g 3µ = −g * 3τ . Without loss of generality we assume that v 1 is real and positive. Then we find
where the second relation follows from the CP invariance of L M . Therefore M ν , too, fulfills Eq. (7), just as we wanted.
Let us now consider the masses of the µ and τ leptons. Those masses are given by
With the notation v 2,3 = |v 2,3 | e iϑ 2,3 , we obtain
Therefore, m τ = m µ requires e i(ϑ 2 −ϑ 3 ) = −e i(ϑ 3 −ϑ 2 ) .
Now let us check the case of CP conservation. There we have [12] v
and therefore CP conservation ⇒ e i(ϑ 2 −ϑ 3 ) = ±i .
Thus, if CP is conserved we have m µ = m τ ; CP violation is necessary for m µ = m τ (for an earlier model of this type see Ref. [13] ). We have thus shown that, provided CP is spontaneously broken, we are able to obtain m µ = m τ while M ν satisfies Eq. (7) . We thus have a model with maximal atmospheric mixing but a free |U e3 |.
Conclusions
In this paper we have discussed the mass matrix of Eq. (3), originally found by Babu, Ma, and Valle [6] in the context of a model based on the group A 4 and on softly broken supersymmetry with additional heavy charged-lepton singlets, an enlarged scalar sector, and the seesaw mechanism. In that model, the relations a = b and r = s = 0 hold at the seesaw scale and the full mass matrix of Eq. (3) arises at the weak scale after the renormalization-group evolution of M ν . (Note, however, that subsequently a much simpler non-supersymmetric A 4 model was proposed by E. Ma [6] , where the radiative corrections to a = b and r = s = 0 are generated by an A 4 triplet of charged scalars.)
Firstly, we have shown that the mass matrix (3) can be characterized by the algebraic relation in Eq. (7) . If we consider all the parameters of the matrix (3) as independent, it follows readily from this characterization that atmospheric neutrino mixing is maximal and that either θ 13 = 0 (and then the CP phase in lepton mixing is physically meaningless), or θ 13 is arbitrary and-in the phase convention of Eq. (18)-the CP phase is given by π/2-see Eq. (20); this is the more general case. Moreover, the neutrino mass matrix of Eq. (3) fixes neither the neutrino masses nor the solar mixing angle. 1 Secondly, we have derived this mass matrix in the context of a very simple model based on the lepton sector of the Standard Model with right-handed neutrinos, the seesaw mechanism, and three-instead of one-Higgs doublets. We have constructed our model in two steps:
1. Inspired by Refs. [4, 5] , we have imposed the three U(1) Lα symmetries associated with the family lepton numbers, which are softly broken by the L M of Eq. (24).
2.
As suggested by the relation (7), we have imposed the non-standard CP symmetry of Eq. (26) in order to obtain the neutrino mass matrix of Eq. (3).
In this way, we have obtained a renormalizable model where lepton mixing arises solely from the Majorana mass matrix M R of the heavy neutrino singlets and where m µ = m τ is a consequence of the spontaneous breaking of the non-standard CP symmetry. We stress that in our model the neutrino masses are completely free, contrary to what happens in the A 4 models which predict neutrinos to be approximately degenerate. We also stress that in our model the M ν of Eq. (3) holds at the seesaw scale and its form will be slightly changed by the renormalization-group (RG) evolution down to the Fermi scale, while in the A 4 models Eq. (3) holds precisely after the RG evolution. Our simple realization of the mass matrix (3) is an interesting illustration of the fact that exact maximal atmospheric neutrino mixing and a non-zero mixing angle θ 13 can coexist, enforced by a symmetry. This was not the case in the models of Refs. [4, 5] , where the mass matrix (1) was obtained.
